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Multivariate Random Variables

It’s all well and good to consider random variables in isolation, but to do the actual

interesting things you all want to do in probability and statistics, we need to understand
how random variables relate to one another.
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Multivariate Random Variables

It’s all well and good to consider random variables in isolation, but to do the actual

interesting things you all want to do in probability and statistics, we need to understand
how random variables relate to one another.

For instance, most of inferential statistics is built on the assumption of independent
and identically distributed (i.i.d.) random variables.
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Multivariate Random Variables

It’s all well and good to consider random variables in isolation, but to do the actual

interesting things you all want to do in probability and statistics, we need to understand
how random variables relate to one another.

For instance, most of inferential statistics is built on the assumption of independent
and identically distributed (i.i.d.) random variables.

Similarly, linear regression is built on a specific relationship of random variables:

Y =060+ 51X +e, ¢ ~ Normal(0, o?)
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Bivariate Normal Distribution

Density
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Joint Probability Mass Functions

Let X and Y be two discrete random variables. The joint probability mass function
(PMF) of X and Y is defined as:

pxy(z,y) = P{X =z} N{Y = y}]
=P{weQ: X(w) =z and Y(w) = y}].

T. Quinlivan (Knox College) MATH 321 — Lecture 8



Joint Probability Mass Functions

Let X and Y be two discrete random variables. The joint probability mass function
(PMF) of X and Y is defined as:
pxy(z,y) = PHX =2} n{Y = y}]
=P{weQ: X(w) =z and Y(w) = y}].
For any set A C R?,

P[(X,Y)€Al= > pxy(x.y)
(z,y)€A
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Joint Probability Mass Functions

Let X and Y be two discrete random variables. The joint probability mass function
(PMF) of X and Y is defined as:

pxy(z,y) = P{X =z} N{Y = y}]
=P{weQ: X(w) =z and Y(w) = y}].

For any set A C R?,
P[(X7Y> € A] = Z pX,Y(x?y)'
(zy)eA
Note that these are valid PMFs! All properties apply!
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Joint PMF Example

Example: Let X be a coin toss and Y be a die roll. Find px y.

Y
1 2 3 4 5 6
g oL 1 1 1 1 1
X 12 12 12 12 12 12
1 1 1 1 1 1
T 15 35 13 13 12 12

1. What is the probability of getting a heads and an even number?
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Joint PMF Example

Example: Let X be a coin toss and Y be a die roll. Find px y.

Y
1 2 3 4 5 6
g oL 1 1 1 1 1
X 12 12 12 12 12 12
1 1 1 1 1 1
T 15 35 13 13 12 12

1. What is the probability of getting a heads and an even number?
2. Are X and Y independent?
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Joint Probability Density Functions

Let X and Y be two continuous random variables. The joint probability density

function (PDF) of X and Y is a function fxy(z,y) that can be integrated to yield a
probability:

P[(X,Y) e A] = //A Ixy(z,y)dzxdy,

for any event A C Qx x Qy.
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Joint Probability Density Functions

Let X and Y be two continuous random variables. The joint probability density

function (PDF) of X and Y is a function fxy(z,y) that can be integrated to yield a
probability:

PIXY) € 4] = [[ Frxla)dady,
for any event A C Qx x Qy.

In particular, if A = [a,b] X [¢,d], then

P[(X,Y) € A] = //A Ixy(z,y)dA = /ab /Cde,Y(%y) dy dx.
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Joint Probability Density Functions

Let X and Y be two continuous random variables. The joint probability density

function (PDF) of X and Y is a function fxy(z,y) that can be integrated to yield a
probability:

PIXY) € 4] = [[ Frxla)dady,
for any event A C Qx x Qy.

In particular, if A = [a,b] X [¢,d], then

P[(X,Y) € A] = //A Ixy(z,y)dA = /ab /Cde,Y(%y) dy dx.

Note that these are valid PDFs! All properties apply!
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Joint PDF Example

Example: Let X and Y be jointly uniformly distributed on A = [1,3] x [1,4].
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Joint PDF Example

Example: Let X and Y be jointly uniformly distributed on A = [1,3] x [1,4].

1 for 1 <x<3,1<y<4,

fX,Y(xa y) = {67

0, otherwise.

1. What is the probability that X > 2 and Y > 27
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Joint PDF Example

Example: Let X and Y be jointly uniformly distributed on A = [1,3] x [1,4].

1 for 1 <x<3,1<y<4,

fX,Y(xa y) = {67

0, otherwise.

1. What is the probability that X > 2 and Y > 27
2. What is the probability that X and Y are less than 1 apart?

T. Quinlivan (Knox College) MATH 321 — Lecture 8 October 17, :



Marginal PMFs and Marginal PDFs

The marginal probability mass function (PMF) is defined as:

px(z)= > pxy(zy) and  py(y) = Y pxy(@,y).
yGQy e x
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Marginal PMFs and Marginal PDFs

The marginal probability mass function (PMF) is defined as:

px(z)= > pxy(zy) and  py(y) = Y pxy(@,y).
yGQy e x

The marginal probability density function (PDF) is defined as:

fx(z) = A Ixy(z,y)dy and  fy(y) = ; Ifxy(z,y)dx.
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Marginal PMFs and Marginal PDFs

The marginal probability mass function (PMF) is defined as:
px(@) =Y pxy(z.y) and  py(y) = > pxy(z,y).
yGQy e x
The marginal probability density function (PDF) is defined as:
fx(@)= [ [xy(z,y)dy and  fy(y)= [ [xy(z,y)dz
Qy Qx

Note that these are valid PMFs/PDFs! All properties apply!
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Independent Random Variables

Two random variables X and Y are independent if their joint PMF/PDF factors into
the product of the marginals:

pxy(@,y) =px(@)py(y) or  fxy(z,y) = fx()fr(y)

for all x and y.
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Independent Random Variables

Two random variables X and Y are independent if their joint PMF/PDF factors into
the product of the marginals:

pxy(@,y) =px(@)py(y) or  fxy(z,y) = fx()fr(y)

for all x and y.

Equivalently, P[X € A,Y € B] = P[X € A] P[Y € B] for all events A and B.
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Joint PMF Example

Example: Let X be a coin toss and Y be a die roll. Find px y.

Y

p—
N
w
IS
ot
=]

g L1 1 1 1 1 1
X 12 12 12 12 12 12
T L 1 1 1 1 1

12 12 12 12 12 12

3. Find the marginal PMFs of X and Y.
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Joint PDF Example

Example: Let X and Y be jointly uniformly distributed on A = [1, 3] x [1,4].

1 forl1 <z<3,1<y<4,

Ixy(z,y) = {6’

0, otherwise.

3. Find the marginal PDF's of X and Y.
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Extending to N Random Variables

A collection of random variables X7, Xs,..., X is called independent and identically
distributed (i.i.d.) if:
1. All X1, X5,..., Xy are mutually independent.
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Extending to N Random Variables

A collection of random variables X7, Xs,..., X is called independent and identically
distributed (i.i.d.) if:
1. All X1, X5,..., Xy are mutually independent.

2. All Xy, Xo,..., Xy have the same distribution, i.e. Fix,(z) = Fx,(z) = -+ = Fx, ()
for all x.
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Joint Expectation

Let X and Y be two random variables. The joint expectation is

EXY]= > > aypxy(z.y),

yeﬂy € x

if X and Y are discrete, or

E[XY]Z/Q /Q ry fxy(z,y)drdy,

if X and Y are continuous.
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Joint Expectation Example

Example: Let fxy(z,y) =2z +y for 0 <z,y <1 and 0 otherwise. Find E[XY].
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Joint Expectation Example

Example: Let fxy(z,y) =2z +y for 0 <z,y <1 and 0 otherwise. Find E[XY].
1,1 1,1
E[XY]= / / zy(z +y)dyde = / / (z%y + 2y?) dy dx
0o Jo 0o Jo
1/,2

x T 1
= S I
/0<2+3>$ 3
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Covariance

Let X and Y be two random variables. Then the covariance of X and Y is
Cov(X,Y) = E[(X — ux)(Y — py)],

where ux = E[X] and py = E[Y].
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Covariance

Let X and Y be two random variables. Then the covariance of X and Y is
Cov(X,Y) = B[(X — ux)(Y — py)],

where px = E[X] and puy = E[Y].

Note that Cov(X, X) = V(X).
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Covariance

Theorem: Let X and Y be two random variables. Then

Cov(X,Y) = E[XY] — E[X]E[Y].
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Covariance

Theorem: Let X and Y be two random variables. Then
Cov(X,Y) = FE[XY] - E[X]E]Y].

If X1, X5,...,X, are random variables, then the matrix with (¢, j) entry Cov(X;, X;) is
the covariance matrix, >.
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Covariance Example

Example: Let

2,

fX,Y(x7y) = 0

Find Cov(X,Y).
1. Find E[XY].

O<y<a<l,

otherwise.
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Covariance Example

Example: Let

2,
fX,Y(x7y) - {O,
Find Cov(X,Y).

1. Find E[XY].

O<y<a<l,

otherwise.

2. Find the marginal PDFs and E[X], E]Y].
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Covariance Example

Example: Let

2,
fX,Y(x7y) - {O,
Find Cov(X,Y).

1. Find E[XY].

O<y<a<l,

otherwise.

2. Find the marginal PDFs and E[X], E]Y].

3. Use Cov(X,Y) = FE[XY]—

E[X]E[Y].

0.8

0.6

0.4

0.2

0 RN
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Joint Expectation and Variance

Theorem: For any X and Y,
1. E[X +Y]=E[X]+ E[Y].
2. VIX+Y]=V[X]+ VY] +2Cow(X,Y).
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Joint Expectation and Variance

Theorem: Let Y7,Y5,...,Y, and X1, Xo,.

.., X, be random variables with E(Y;) = p;
and E(X;) = &;. Define:

U1 :iai)/i and ngiijj
i=1 Jj=1

for constants aq,as,...,a, and by,by, ..., by,.
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Joint Expectation and Variance

Theorem: Then the following hold:

Uy) = Zaiﬂz’-
ZaQV —1—22 ZazajC’ov Y, Y;).

1<i<j<n
n

3. Cov(Uh,Us) = ZZazb Cov(Y;, Xj).

=1 j=1
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Covariance and Independence

Theorem: If X and Y are independent, then

E[XY] = E[X]E[Y].
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Covariance and Independence

Theorem: If X and Y are independent, then
E[XY] = E[X]E[Y].

Question: Consider the following two statements:
a. X and Y are independent.
b. Cov(X,Y) =0.

1. Does statement (a) imply statement (b)?
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Covariance and Independence

Theorem: If X and Y are independent, then
E[XY] = E[X]E[Y].

Question: Consider the following two statements:
a. X and Y are independent.
b. Cov(X,Y) =0.
1. Does statement (a) imply statement (b)?
2. Does statement (b) imply statement (a)?
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Example of Zero Covariance but Non-Independent

Example: Let k be chosen uniformly at random from {1,2, 3,4}, and define X and Y by
the table below.

k
1 2 3 4
X 1 0 -1 0
Y 01 0 -1

1. What is the covariance of X and Y?
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Example of Zero Covariance but Non-Independent

Example: Let k be chosen uniformly at random from {1,2, 3,4}, and define X and Y by
the table below.

k
1 2 3 4
X 1 0 -1 0
Y 01 0 -1

1. What is the covariance of X and Y?
2. Are X and Y independent?
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The Correlation Coefficient

Let X and Y be two random variables. The correlation coefficient is

Cov(X,Y)
VX)V(Y)
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The Correlation Coefficient

Let X and Y be two random variables. The correlation coefficient is

Cov(X,Y)
V)V

Properties: (Assume V(X),V(Y) > 0.)
1. pis always between —1 and 1, ie. —1 < p < 1.
2. p=1ifand only if Y = aX + b for some a >0 (e.g. X =Y).
3. p=—1lifand only if Y = aX + b for some a <0 (e.g. X = =Y.
4. If X and Y are independent, then p = 0.
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Cauchy—Schwarz Inequality

Theorem: For any random variables X and Y,

(E[XY))* < E[X?E[Y?).
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Conditional Probability

Recall that, if we have two events A and B and P(B) # 0, that the conditional
probability of A given B is:

P(A|B) = P(If(;)B).
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Conditional Probability

Recall that, if we have two events A and B and P(B) # 0, that the conditional
probability of A given B is:

P(ANB)

P(A|B) = ————

Can we generalize this to random variables, so that we can determine the distribution of
X given Y = y?
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Conditional PMFs

Let X and Y be two discrete random variables. The conditional probability mass
function (PMF) of X given Y is

pX,Y(xa y)

, provided p > 0.
py(y) v (@)

pxy(z|y) =
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Conditional PMFs

Let X and Y be two discrete random variables. The conditional probability mass
function (PMF) of X given Y is

pX,Y(xa y)

, provided py (y) > 0.

For fixed y, px|y (= | y) is a PMF.
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Conditional PMFs

Theorem: Let X and Y be two discrete random variables. Let A be an event.

ZmGA vay(xv y)

PIX€A|Y =y|=)> pxylz|y =

= Py (y)
and
PIX € A=) pxy@lypyy)
€A YeEQy
=Y PIX€A|Y =ylpy(y)
yeQy
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Conditional PMFs Example

Y

1 2 3 4

1 1 1
L % 20 20 0
2 2 3 1
X 20 20 20 20
3 1 2 3 1
20 20 20 20
4 0 & & 2

1. Find the marginal PMF px(x).
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Conditional PMFs Example

Y
1 2 3 4
1 1 1
1 55 55 20 0
2 1
X 2 %5 % v
3 1 2 3 1
20 20 20 20
4 o0 L L 1

1. Find the marginal PMF px(x).
2. Find the conditional PMF px|y (v | 1).
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Conditional PDF's

Let X and Y be two continuous random variables. The conditional probability
density function (PDF) of X given Y is

fxiy(z|y) = w provided fy (y) > 0.
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Conditional CDF's

Let X and Y be continuous random variables. Then the conditional cumulative
distribution function of X given Y =y is
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Conditional Probabilities

Theorem: Let X and Y be continuous random variables, and let A be an event.

UHXemY=wzfjm@wmw.

i) POXed)= [ POXEA|Y =u)fy()dy
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Conditional CDF Example

Example: Suppose that f(z,y) = ﬁTeﬂ! for 0 < z,y < co and 0 otherwise. Find

P(X>1]Y =y).

0.4
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Conditional Expectation

The conditional expectation of X given Y =y is
EIX|Y =y =) apxy(x|y)
x

for discrete random variables, and

o

E[X|Y:y1=/ z fxiy (@ | v) de

—00

for continuous random variables.
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Conditional Expectation and Linear Regression

e, N
sr Bl
RO "t
®cte, $e° %
of o AR, .
* 3“!.. T .
> . oo .,,, }
.\ --'r;f' ..._!'-__.
50 |- N
| | | |

—14 -12 -10 -8 -6 -4 -2 0 2 4 6 8 10
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Conditional Expectation and Linear Regression

-14 -12 -10 -8 —6 —4 -2 0 2 4 6 8 10
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Conditional Expectation Example

4 1 1 1
2 5 5 5
10 15 i 3 O 0

1. Find E[X | Y = 102].

October 17, 2026 36 /38
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Conditional Expectation Example

4 1 1 1
2 5 5 5
10 15 i 3 O 0

1. Find E[X | Y = 102].
2. Find E[X | Y = 10%].

October 17, 2026 36 /38
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Law of Total Expectation

Theorem: The Law of Total Expectation states that
E[X]=> E[X|Y =ylpy(y),
Y

or

BIX) = [ BIX|Y = ulfw)dy

—00
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Law of Total Expectation

Theorem: The Law of Total Expectation states that

E[X]=> E[X|Y =ylpy(y),

or

BIX) = [ BIX|Y = ulfw)dy

—00

Corollary: Let X and Y be two random variables. Then

E[X] = E[E[X | Y]].
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Law of Total Expectation Example

X

0.01 0.1 1 10 100

v 10* 0 0 5 = =
102 5 X 2 0 0

3. Find E[X].
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