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The Normal Distribution

A random variable 𝑌 is said to have a normal (or Gaussian)
probability distribution if and only if, for 𝜎 > 0 and −∞ < 𝜇 < ∞,
the density function of 𝑌 is

𝑓𝑌 (𝑦) = 1√
2𝜋𝜎2 exp {−(𝑥 − 𝜇)2

2𝜎2 } , −∞ < 𝑦 < ∞.

We write
𝑌 ∼ Normal(𝜇, 𝜎2)

to say that 𝑌 is drawn from a normal distribution with parameters 𝜇
and 𝜎2.
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The Support of a Random Variable

The support of a random variable is the range of values the random
variable can take on with non-zero probability.

In the case of the binomial distribution, the support of 𝑌 is
{0, 1, 2, … , 𝑛}.

In the case of the normal distribution, the support of 𝑌 is ℝ.
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The Graph of the Normal Distrbution
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Facts about Definite Integrals

A function 𝑓 is even if 𝑓(𝑥) = 𝑓(−𝑥) for all 𝑥 ∈ ℝ.

If 𝑓(𝑥) is even, then for any 𝑎 > 0:

∫
𝑎

−𝑎
𝑓(𝑥) 𝑑𝑥 = 2 ∫

𝑎

0
𝑓(𝑥) 𝑑𝑥

A function 𝑓 is odd if −𝑓(𝑥) = 𝑓(−𝑥) for all 𝑥 ∈ ℝ.

If 𝑓(𝑥) is odd, then for any 𝑎 > 0:

∫
𝑎

−𝑎
𝑓(𝑥) 𝑑𝑥 = 0
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Expected Value and Variance of the Normal
Distribution

Theorem: If 𝑌 ∼ Normal(𝜇, 𝜎2), then

𝐸[𝑌 ] = 𝜇 and 𝑉 [𝑌 ] = 𝜎2

Torin Quinlivan Lecture #6: Continuous Probability Distributions2025-10-10 6 / 15



Proof of Expected Value of the Normal Distribution

𝐸[𝑌 ] = 1√
2𝜋𝜎2 ∫

∞

−∞
𝑦 exp {−(𝑦 − 𝜇)2

2𝜎2 } 𝑑𝑦

= 1√
2𝜋𝜎2 ∫

∞

−∞
(𝑢 + 𝜇) exp {− 𝑢2

2𝜎2 } 𝑑𝑢

= 1√
2𝜋𝜎2 ∫

∞

−∞
𝑢 exp {− 𝑢2

2𝜎2 } 𝑑𝑢

+ 1√
2𝜋𝜎2 ∫

∞

−∞
𝜇 exp {− 𝑢2

2𝜎2 } 𝑑𝑢

= 0 + 𝜇 ( 1√
2𝜋𝜎2 ∫

∞

−∞
exp {− 𝑢2

2𝜎2 } 𝑑𝑢)

= 𝜇.
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Proof of Variance of the Normal Distribution

𝑉 [𝑌 ] = 1√
2𝜋𝜎2 ∫

∞

−∞
(𝑦 − 𝜇)2 exp {−(𝑦 − 𝜇)2

2𝜎2 } 𝑑𝑦

= 𝜎2
√

2𝜋 ∫
∞

−∞
𝑧2𝑒− 𝑧2

2 𝑑𝑧

= 𝜎2
√

2𝜋 (−𝑧𝑒− 𝑧2
2 ∣

∞

−∞
) + 𝜎2

√
2𝜋 ∫

∞

−∞
𝑒− 𝑧2

2 𝑑𝑧

= 0 + 𝜎2 ( 1
2𝜋 ∫

∞

−∞
𝑒− 𝑧2

2 𝑑𝑧)

𝜎2
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The Standard Normal Distribution

The standard Normal (or Gaussian) random variable 𝑍 has a
PDF

𝑓𝑍(𝑧) = 1√
2𝜋 exp {−𝑧2

2 } .

That is, 𝑍 ∼ Normal(0, 1) is a Normal random variable with mean
𝜇 = 0 and 𝜎2 = 1.

The cumulative distribution function (CDF) of the standard Normal is
defined as the function Φ(⋅)

Φ(𝑧) 𝑑𝑒𝑓= 𝐹𝑍(𝑧) = 𝑃 (𝑍 ≤ 𝑧) = 1√
2𝜋 ∫

𝑧

−∞
𝑒 𝑡2

2 𝑑𝑡.
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CDF of an Arbitrary Normal Distribution

Theorem (CDF of an arbitrary Normal): Let 𝑋 ∼ Normal(𝜇, 𝜎2).
Then

𝐹𝑋(𝑥) = 𝑃 (𝑋 ≤ 𝑥) = Φ (𝑥 − 𝜇
𝜎 )

Examples:

1 Find 𝑃(𝑍 ≤ 2.00).

2 Let 𝑋 ∼ Normal(3, 4). Find 𝑃(𝑋 ≤ 11).
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Properties of Normal Distributions

Theorem: Let 𝑋 ∼ Normal(𝜇, 𝜎2). Then the following results hold:

1 Φ(𝑦) = 1 − Φ(−𝑦).
2 𝑃(𝑋 ≥ 𝑏) = 1 − Φ ( 𝑏−𝜇

𝜎 ).
3 𝑃(|𝑋| ≥ 𝑏) = 1 − Φ ( 𝑏−𝜇

𝜎 ) + Φ (−𝑏−𝜇
𝜎 ).
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Skewness and Kurtosis

For a random variable 𝑋 with PDF 𝐹𝑋(𝑥), define the following central
moments as:

mean: 𝐸[𝑋] 𝑑𝑒𝑓= 𝜇,

variance: 𝐸[(𝑋 − 𝜇)2] 𝑑𝑒𝑓= 𝜎2,

skewness: 𝐸 [(𝑋 − 𝜇
𝜎 )

3
] 𝑑𝑒𝑓= 𝛾,

kurtosis: 𝐸 [(𝑋 − 𝜇
𝜎 )

4
] 𝑑𝑒𝑓= 𝜅.
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Skewness and Kurtosis

The kurtosis of a distribution deals with the “peakedness” or
“tailedness” of the distribution.

We define excess kurtosis to be 𝜅 − 3. Excess kurtosis is easier to
understand/interpret than “raw” kurtosis.

The normal distribution has skewness 0 and excess kurtosis 0.
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Percentiles of Prebability Distributions

Let 𝑋 be a continuous random variable with proability denisty
function 𝑓𝑋. The median of 𝑋 is a point 𝑐 ∈ ℝ such that

𝐹𝑋(𝑐) = ∫
𝑐

−∞
𝑓𝑋(𝑥) 𝑑𝑥 = ∫

∞

𝑐
𝑓𝑋(𝑥) 𝑑𝑥.

Theorem: The median of a random variable 𝑋 is the point 𝑐 such
that

𝐹𝑋(𝑐) = 1
2.
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Percentiles of Prebability Distributions

What about other percentiles, like the 35𝑡ℎ percentile?

The 𝑘𝑡ℎ percentile of a random variable 𝑋 is the point 𝑐 such that

𝐹𝑋(𝑐) = 𝑘
100.

The quantile function is the inverse of the CDF. These are hard to
compute for most distributions, so we tend to use R.
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