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Finding the Distribution of a Function of Random

Variables

We’ve talked a bit about how to find the distribution of a function of
random variables, for certain classes of functions, but let’s focus some
more on it.

There are a few ways we can try to find the distribution of a function
of a random variable (or random variables) that we know the
distribution of:

@ The Method of Moment-Generating Functions
@ The Method of Distribution Functions

@ The Method of Transformations

@ Using the Jacobian
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The Method of Moment-Generating Functions

There are two important properties of the MGF to remember:

Q@ If Y = aX where a € R is a constant, then:

My (t) = My(at).
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The Method of Moment-Generating Functions

of the Moment-Generating Function Method

Let U be a function of the random variables Y;,Y;,.... Y, .

@ Find the moment-generating function for U, my(t).

@ Compare my;(t) with other well-known moment-generating
functions. If my;(t) = my,(t) for all values of ¢, this implies that U

and V have identical distributions.
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Example: The Method of Moment-Generating

Functions

Example: Suppose that X * (S " Exponential(g8). f Y = ZX” show

that the distribution of Y is:

Y ~ Gamma(a =n, 5 = ().

Example: Let Z be a normally distributed random variable with
mean 4 = 0 and variance o2 = 1. Use the method of
moment-generating functions to find the probability distribution of Z2.

Torin Quinlivan Lecture #14: Change of Variables 2025-11-11



The Method of Distribution Functions

Example: A process for refining sugar yields up to 1 ton of pure sugar
per day, but the actual amount produced, Y, is a random variable
because of machine breakdowns and other slowdowns. Suppose that Y
has density function given by

fly) =

2y, 0<y<1,

0, otherwise.
The company is paid at the rate of $300 per ton for the refined sugar,
but it also has a fixed overhead cost of $100 per day. Thus the daily
profit, in hundreds of dollars, is U = 3Y — 1. Find the probability
density function for U.
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The Method of Distribution Functions

Summary of the Distribution Function Method

Let U be a function of the random variables Y;,Y,, ..., Y .

2]
o
o

n
Find the region U = w in the (y;,ys, ..., ¥, ) Space.
Find the region U < w.
Find Fi;(u) = P(U < u) by integrating f(y;, ya, --- , ¥,,) Over the
region U < .
Find the density function f;;(u) by differentiating Fy;(u). Thus,
o) = L),
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Example: The Method of Distribution Functions

Example: Let Y have probability density function given by

y+1’ —-1< Yy S 11
fy(y) = { 2 N

0, otherwise.

Example: Let U be a uniform random variable on the interval (0,1).
Find a transformation G(U) such that G(U) possesses an exponential
distribution with mean S.
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The Method of Transformations

We can take the ideas in that last example further.

Summary of the Transformation Method

Let U = h(Y'), where h(y) is either an increasing or decreasing function
of y for all y such that fy (y) > 0.

@ Find the inverse function, y = A~ (u).

1 1
@ Evaluate 2l = it (u)]
d du

@ Find fy(u) ll)Ly

dh1
du |

Fo(w) = Fylh=t(w) ‘
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Example: The Method of Transformations

Example: Let Y have the probability density function given by:

fly) = {2y, 0<y<l,

0, otherwise.

Find the density function of U = —4Y + 3.
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Example: The Method of Transformations

Example: Consider a random variable Y7, the proportion of impurities
in a chemical sample, and Y5, the proportion of type I impurities among
all impurities in the sample. The joint density function was given by

2(1—yy), 0<y; <1,0<y, <1,
f(y17y2) = .
0, otherwise.

We are interested in U = YY,, which is the proportion of type I
impurities in the sample. Find the probability density function for U.
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Multivariable Transformations Using Jacobians

The Bivariate Transformation Method

Suppose that Y; and Y5 are continuous random variables with joint
density function fy4 y(y1,¥2) and that for all (y;,y,), such that
fy1v2(¥1,92) >0,

uy = hy(Y1,92), and Uy = hy(y1,Y2), (1)

is a one-to-one transformation from (y;,y,) to (uq,uy) with inverse

Y1 = hit(ug, uy), and Yy = hy ' (ug, uy). (2)
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Multivariable Transformations Using Jacobians

The Bivariate Transformation Method

If hit(uq, us) and hyt(uy,us) have continuous partial derivatives with
respect to u; and u, and Jacobian

[ gy gty gty (ot
- ‘98};511 %};521 Oy Ous Ou, Ou, ’

Then the joint density of U; and U, is

fu, v, (U, us) = fy, v, <hf1 (uy,us), hy* (uy, U2)> |71,

where |J| is the absolute value of the Jacobian.
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Example: Multivariable Transformations Using

Jacobians

Example: Consider random variables Y; and Y;, with joint density
function

21 —yy), 0<y <1,0<y, <1,
f(y17y2> = ! 1. 2
0, otherwise.

If U =Y,Y,, find the probability density function for U by using the
bivariate transformation method.
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