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Normal Distribution

We’ve now dealt with the single variable Normal distribution a lot.

X ~ Normal(u, 0?)

fxla) = JJT?WP{_W}

How might we generalize this to several variables?
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The Bivariate Normal Distribution

We could use independence.

Suppose that:
X ~ Normal(py,0?)
Y ~ Normal(p,, 03)

If X and Y are independent, then:

1 1 T — U 2
fxy(zy) = 5 exp {— [(1) + (
MO0y 2 o
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The Bivariate Normal Distribution

Independent Standard Normals
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The Bivariate Normal Distribution

Contours of f(x, y)

<

y
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The Bivariate Normal Distribution

Independent Normals with ._x = 2
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The Bivariate Normal Distribution

Contours of f(x, y)

<

y
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The Bivariate Normal Distribution

Independent Normals with shifted mean
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The Bivariate Normal Distribution

Contours of f(x, y)

<

y
Torin Quinlivan Lecture #13: The Bivariate and Mult 2025-11-10




The Bivariate Normal Distribution

But what if X and Y are not independent?

Correlated Bivariate Normal
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The Bivariate Normal Distribution

But what if X and Y are not independent?

Contours with Sigma = [[1, 0.5], [0.5, 1]]

Torin Quinlivan Lecture #13: The Bivariate and Mult 2025-11-10



The Bivariate Normal Distribution

Two random variables X and Y are said to be bivariate normal, or
jointly normal, if a X + bY has a Normal distribution for all a,b € R.
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The Standard Bivariate Normal Distribution

Two random variables X and Y are said to have the standard
bivariate normal distribution with correlation coefficient p if
their joint PDF is given by

1

1
fxv(x,y) = m exp {_2(1—p2) (2 — 2pzy + y2)} :

where p € (—1,1). If p =0, then we just say X and Y have the
standard bivariate normal distribution.
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The Standard Bivariate Normal Distribution

Theorem: Let X and Y be two bivariate normal random variables.

Then there exist independent standard normal random variables Z;
and Z, such that

X =oxZ +pux

Y = Uy(le +/1 _p2Z2) + py-
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The Standard Bivariate Normal Distribution

Two random variables X and Y are said to have the bivariate
normal distribution with parameters py, 0%, iy, 0)Y? and p if
their joint PDF is given by

Frr() 1
T,y) =
Xy 2ro yoyy/1— p?

coof 5[ (T ()
_2p<(ﬂf—ux)(y—uy)> ”

where pix, 1ty € R, 0x,0y >0 and p € (—1,1) are all constants.
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Conditional Expectation and Variance

Theorem: Suppose X and Y are jointly normal random variables with

parameters /iy, 0%, fly, 0% and p. Then, given X = z, Y is normally
distributed with

T —p
E[YIXZx]Zuy+p0y( X)-
0x

VIV | X =2]=(1—p?)o?.

Theorem: If X and Y are bivariate normal and uncorrelated, then
they are independent.
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The Multivariate Normal Distribution

But we can take this further!

The random variables X, X, ..., X,, have a multivariate normal
distribution if their joint PDF is given by:

1 1. . ~ ~
pla;p, %) = nexp{— i—p)Ts(E —mu }
(%) = e = (S i)
where i = iy, lg, ..., ft,,])7 is a vector of the means, and ¥ is the

covariance matrix.
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The Multivariate Normal Distribution

The marginals of a joint normal distribution is normal.
The conditional distributions of a joint normal distribution is normal.

You can think of linear regression as a joint normal distribution from
the independent errors.
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