Convergence and Divergence Tests for Series

Test

When to Use

Conclusions

Divergence Test

oo
For any series g an,
n=0

Diverges if lim |a,| # 0.
n—oQ

Integral Test

oo
Z an with a,, > 0 and a,, decreasing

n=0

00 [e%S)
/ f(z)dx and Z ay, both converge/diverge
1

n=0
where f(n) = ay,.

Comparison Test

ian and ibn if 0 <a, <b,.
n=0 n=0

o0 o0
E b, converges —> E a, converges.

n=0 n=0

oo o0

g a, diverges = g b, diverges.
n=0 n=0

Zan, (an > 0). Choose me (b, > 0).

Z an and Z by, both converge/diverge.

n=0 a n=0

If im = =Lwith0<L< oo n=0 n=0
Limiting n— Op
Comparison a © >

if lim -~ =0 b .
Test if lim . ,;0 n CONvVerges —> nzzoan converges

a o0 o0

if lim — = b, di di .

if lim. . 00 nzzo n diverges —> nzzoan iverges
Convergent Test oo o1

converges if lim a, =0

for Alternating Z(—l)”an (an > 0) 4 g. 4 noo
Series = and a,, is decreasing.

Absolute Conver-
gence

oo
for any series g an

n=0

oo o0

If Z|an| converges, then Z ap converges.
n=0 n=0

(definition of absolutely convergent series.)

Conditional Con-

o0 o0
if Z|an| diverges but Z a, converges,

o0
for any series a n=0 n=0
vergence ¥y Z n 00 N
n=0 Z a,, conditionally converges.
n=0
There are three cases:
00 oo
for any series Z n, if r <1, then Z|an| converges;
Ratio Test n=0 n=0
. a . .
calculate r = lim |—*% if r > 1, then Z|an| diverges;
if = 1, no conclusion can be made.
There are thre%o cases:
[ee] .
for any series Z a,, if p < 1, then Z|an\ converges;
Root Test n=0 TLO:OO
calculate p = nlggo Vlan| if p > 1, then Z|an\ diverges;
n=0

if p =1, no conclusion can be made.




Important Series to Remember

Series How They Look Conclusions
a
>0 Converges to if |r| < 1 and diverges if
Geometric Series Z ar” & 1—7r I &
n=0 ‘T’| Z 1
, — 1 . , ,
p-Series — Converges if p > 1 and diverges if p < 1.
n
n=1
Power Series to Memorize
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n=0
The first two and last on have radius of convergence 1, while the others have radius of convergence co.

Also, here are some power series which are handy to know, but can be derived of the fly, if necessary, by integrating:

e 2n+1 3 5 7

T T T T
tan~(z) = 3 (—1)" T
(=) nz} Va1t sty ot
e n 2 3 4
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Both have radius of convergence 1.



