More Convergence Tests

MATH 146 — Calculus II

Torin Quinlivan

April 23, 2025

Py KNOX

COLLEGE

Torin Quinlivan (Knox College More Convergence Tests Lecture #12



Integral Test

Theorem (Integral Test)

Suppose that f(z) is a positive function and let a,, = f(n). Then

co ()
Z an converges < / f(x) dx converges
1

n=1
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p-Series Test

Theorem (p-Series Test)

oo
1
The series Z - converges for p > 1 and diverges for p < 1.

n=1
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The Comparison Test

Theorem (The Comparison Test)

Suppose Z an and Z b, are series such that a, > 0 and b, > 0 for all
n.

m If z b, converges and 0 < a,, < b,, then Z an converges as well.

mIf Z an diverges and 0 < a,, < b, then Z b, diverges as well.
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mple: The Comparison Test

oo
1
Example: Does ; Prihl converge?

converge?

> In(n)
E le: D
xample: Does T; 3

o0

1
Example: Does —
kzzz In(k)

converge?
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Limit Theorems

The usual arithmetic laws apply for infinite series as well.

Theorem

Suppose that Z a, = A and Z b, = B are convergent series and that
c is a constant. Then:

B (an+by)=A+B.
n Z(c-an) = cA.

o0

Example: Does Z
k=1

12+ k

m ConVerge?
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The Ratio Test

Theorem (The Ratio Test)

a
Suppose Z an is a series such that a, > 0 and let r = lim aialy

n—00 (U

B Ifr <1, then Z ap CONverges.
B Ifr>1, then Zan diverges.

B If r = 1, the test is inclusive — the series could converge or diverge.

Idea: Compare to a geometric series.
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ample: The Ratio Test

o0
1
Example: Does E — converge?
/ n!
-

oo
Example: Does Z k*27F converge?
k=1

o0
1
Example: Does Z — converge?
n=1 n
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The Root Test

Theorem (The Root Test)

Suppose Z an is a series such that a, > 0 and let p = lim a,.
n—oo
B If0<p<l,then Zan converges.
B If p > 1, then Z an diverges.

B If p =1, the test is inclusive — the series could converge or diverge.

E le: D i <3k _ 2) ’ ?
xXample: oes converge.
S\ 8k +7
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The Limit Comparison Test

Theorem (The Limit Comparison Test)

Suppose Z a, and Z b, are series such that a,, > 0 and b,, > 0 for all

n and let L = lim a—n.
n—oo n

B If0< L < oo, then Z an and Z b, converge or diverge together.
B IfL=0AND Z b, converges, then Z an converges.
B IfL=0coAND Z b, diverges, then Z an, diverges.

o

Example: Does Z
k=1

- ?
converge!
21 &
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The Alternating Series Test

An infinite series is said to be alternating if it is of the form

Z(—l)”an or Z(—l)"+1an, where a,, > 0.

Theorem (The Alternating Series Test)

Suppose Z(—l)”an is an alternating series such that a, is decreasing

monotonically to zero. Then Z(—l)”an converges

oo
1
Example: Does E (—1)"— converge?
n

n=1
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A Divergence Test

Theorem (A Test for Divergence)

If Z an converges, then 7}1_)1{)10 ap, = 0.

Theorem (Contrapositive of a Test for Divergence)

If lim a, # 0, then Z a, diverges.
n—o0

oo
k+1
E le: D
xample: Does ,;1 T
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